2014.01.31 WIMTK-08: Meetkunde

Final Exam

Instructions:

e This is an open book exam; you are allowed to have our textbook, “Elementary Differential
Geometry”, by B. O’Neill, but no other documents.

e You should read through the whole exam before you answer the questions.

¢ You may use Lemmas and Theorems that are demonstrated in the textbook, but you may
not use results that are stated in exercises, without first proving them.

Recall: On a geometric surface M:

e If V, and W are vector fields on M, then [V, W] is a vector field on M defined by
[V, Wllf] = VIWIfI - WIVISIL,
for all f € C®°(M). If

z:R2>D—-M
(u1,uz) — x(u1,us2)

is a coordinate patch , and V =3, @y, and W = ), wsxy,;, then

VW)=Y (Viw] — Wvi]) .

e For any 1-form ¢ on M,
dop(V,W) = V[p(W)] = Wip(V)] — &([V, W]),
for all vector fields V and W on M.

e The gradient of a function f € C*(M) is the unique vector field grad f such that
(grad f, V) = df (V) for all vector fields V on M.




Problem 1 (20 pts)
Let B : I — R? be a regular curve parameterised by arc-length, with torsion 7 % 0. Show that,
if the image of /3 lies on a sphere centred at ¢ € R3, then the curvature & satisfies x > 0, and

B—c=-pN - (0B,

where p = k71, and 0 = 771. Express the radius of the sphere in terms of p and o.

Problem 2 (25 pts)
Consider the surface patch z : R2 — R3 defined by

u?  0?
a:(u,'u)=< +eb2>

where € = £1, and a,b € R are non-zero constants.

1. (6 pts) Show that x is regular.

2. (6 pts) Calculate the coefficients E, F', and G of the ﬁrst fundamental form.
3. (8 pts) Calculate the coefficients L, M, and N of the second fundamental form.
4

. (5 pts) Calculate the Gaussian curvature of this surface.

Problem 3 (20 pts)
Let M be a geometric surface, and E1, Fy a frame field on M. Show that

K = Eo[wi2(E1)] — Erwia(E2)] — wia(E1)? — wia(E2)?.

You will probably want to employ the structural equations, and the basis formulae.

Problem 4 (25 pts)
Suppose D C R? is open. We define a geometric surface M to be the region D equipped with

the inner product defined by
vew

? h(p)®
where h : D — R satisfies h(p) # 0 for all p € D, and the dot product on the right hand side is
the usual inner product on R?.

In this exercise, D = {(u,v) € R? | u® + v* < 4r?, for some r > 0, and

(v, w), =

2 4,2
u+v
h(u,v) =1- T

We can consider the identity map to be a coordinate patch & : D — M.
1. (5 pts) Construct a frame field {E1, E2} on M. Express the vector fields E; in terms of the
vector fields x,, and x,.
2. (5 pts) Compute [E1, E5] and express it in terms of the basis {E;}.
3. (5 pts) Compute grad f, where f(u,v) = u+2v, and express it in terms of the basis {z,, z, }.

4. (10 pts) Compute the connection form wis associated to your frame field, and express it in
terms of the basis {6;} dual to {E;}.




